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Let G be a discrete group, and { a probability measure on G. A function f on G is called -harmonic if f(g) = P f(gx) (x) 8 g 2 G. The Poisson boundary of the pair (G; ) is the probability space (?; ) with a measure type preserving action of the group G uniquely determined by the following condition: the Poisson formula f(g) = h b f; g i is an isometry between the space H 1 (G; ) of bounded -harmonic functions with the sup-norm and the space L 1 (?; ).
The problem of describing the Poisson boundary in terms of algebraic or geometric objects associated with the group splits into two parts: rst, to nd a space (B; ) such that the Poisson formula gives an embedding of L 1 (B; ) into H 1 (G; ) (such spaces are called -boundaries), and, second, to show that a given -boundary is maximal (i.e., coincides with the whole Poisson boundary) K4].
The methods used for identifying the Poisson boundary in the case of Lie groups (e.g., see F], R]) are unapplicable to discrete groups. The author has suggested a new approach based on the entropy theory of random walks which leads to two simple geometric criteria of boundary maximality (Theorems 1 and 2). These criteria are easily applicable to discrete subgroups of semi-simple Lie groups (as well as in a large number of other situations K3], K5], KM]).
1. Geometric criteria of boundary maximality Denote by P the probability measure in the space G Z+ of sample paths x = (x n ); n 0 of the random walk (G; ) starting from the identity e 2 G. The Poisson boundary (?; ) is the space of ergodic components of the time shift in (G Z+ ; P). x n ; n (bnd x) = o(n) ; then ? is the Poisson boundary (i.e., is the point partition).
The other criterion applies simultaneously to a -boundary ? and to aboundary ? (where (g) = (g) ?1 is the re ected measure of ). 2 @S are parabolic subgroups of G (minimal i 2 @S a ; a 2 A 1 + ). Thus, the orbits @S a ; a 2 A 1 + are isomorphic to the Furstenberg boundary B = G=P, where P is the minimal parabolic subgroup determined by K and A.
The map go 7 ! gm, where m is the unique K-invariant probability measure on B, determines an embedding of S into the space of Borel probability measures on B, which gives rise to the Furstenberg compacti cation of S F] . Note that the boundary of this compacti cation is larger than B (unless S has rank 1). 3. Random walks on discrete subgroups
Now, combining Theorems 1 and 3 (resp, Theorems 2 and 4) we obtain the following Theorems 5 and 6, respectively.
Theorem 5. Let be a probability measure on a discrete subgroup G G of a semi-simple Lie group G with a nite rst moment P dist(go; o) (g). Then (i) P-a.e. sample path (x n ) of the random walk (G; ) is regular, and the limit a = a( ) = lim a(x n )=n 2 A + does not depend on (x n ); (ii) If a = 0, then the Poisson boundary of the pair (G; ) is trivial; if a 6 = 0, then for P-a.e. sample path (x n ) the sequence x n o converges in the visibility compacti cation, and the Poisson boundary is isomorphic to the orbit @S a with the corresponding harmonic measure.
Theorem 6. Let G be a discrete subgroup of a semi-simple Lie group G, and { a probability measure on G such that (i) The semigroup sgr ( ) generated by the support of contains a sequence g n such that h ; a(g n )i ! 1 for any positive root ;
(ii) No conjugate of the group gr ( ) is contained in a nite union of left translations of degenerate double cosets from the Bruhat decomposition of G;
(iii) The measure has nite rst logarithmic moment P log + dist(go; o) (g) and nite entropy H( ). Then (j) For P-a.e. sample path (x n ) of the random walk (G; ) the sequence x n o converges to B in the Furstenberg compacti cation of S;
(jj) The Poisson boundary of (G; ) is non-trivial and it is isomorphic to the Furstenberg boundary B with the harmonic measure determined by (j). Proof. Conditions (i) and (ii) imply (j) by Theorem 2.6 of GR1]. The measure also satis es (i) and (ii), and it follows from GR1] that the product ? + of the harmonic measures of the random walks (G; ) and (G; ) is concentrated on the orbit O w0 . Since the ats in S have polynomial growth, conditions of Theorem 2 are satis ed.
Remarks. 1. Theorem 5 was rst announced in K1]. For discrete subgroups of SL(n; R) another proof was independently obtained in L].
2. Conditions of Theorem 6 on the decay at in nity of the measure are more general than those of Theorem 5. As a trade-o , Theorem 6 requires irreducibility assumptions (i) and (ii), whereas Theorem 5 does not impose any conditions at all on the support of the measure . Note that if the measure has a nite rst moment, then under the conditions (i) and (ii) the vector a( ) from Theorem 5 belongs to A + GR1], so that the orbit @S a is isomorphic to B.
3. In the case when G is an algebraic group conditions (i) and (ii) follow from Zariski density of the semigroup sgr ( ) in G GM] . However, these conditions can be also satis ed without sgr ( ) being Zariski dense GR2].
4. If G satisi es conditions (i) and (ii), then there exists a symmetric probability measure on G with sgr ( ) = G such that the corresponding harmonic measure on B is singular with respect to m. In addition, if G is nitely generated, then can be chosen nitely supported. On the other hand, under conditions (i) and (ii) the harmonic measure on B has the property that for any G-equivariant continuous map : B 7 ! B the conditional measures of on the bers of are purely non-atomic. We shall return to these problems elsewhere.
